
states require one to measure triple coincidence events in 64 different
settings, and so on.
An alternative approach relies on demonstrating that the source is

single mode, since in this case the measurement of the heralding
photon will project the single photon into the corresponding pure
single mode70 (see Supplementary Section B). Note also that the
normalisation condition Tr r̂ð Þ ¼ 1 combined with the purity condi-
tion Tr r̂2

� � ¼ 1 implies that for a pure state, the diagonalization of
the density matrix leads to only 1 non-zero eigenvalue, that is, a pure
state can always be represented by a single-mode state in the proper
basis. A single-mode photon can be obtained via a multimode
generation process, provided that suitable filtering is applied before
detection, although at the expense of reducing the efficiency of the
source. Alternatively, single-mode emission can be obtained by
modifying the process parameters, such as the pump spectrum and
phase matching curve (see Chapter 11.2.4. in Ref. 71 for details on
heralding pure single-photon states).
The number of modes can be obtained directly by measuring the

signal-idler correlations for a specific variable. For example, the single-
or multimode character in the frequency domain can be determined
by measuring the signal/idler joint spectral distribution (JSD), that is,

the frequency of the idler given the frequency of the signal. Single-
mode emission will then be characterised by uncorrelated signal and
idler photons (Figure 3a), while correlation is an indication of a
multimode character (Figure 3b). The JSD can be obtained by
measuring, for each idler frequency, the coincidences for all the signal
frequencies. This measurement is typically obtained by exploiting
narrowband filters (able to resolve the frequency bandwidth over
which the signal and idler photons are generated), although this
typically introduces significant loss, particularly for very narrow
bandwidths. In turn, this can jeopardise the whole measurement by
requiring extremely long integration times to compensate for losses. A
possible solution is to exploit the corresponding SPDC and SFWM
stimulated processes72,73, for example, by providing as the input the
signal field at different frequencies and measuring the idler power. The
stimulated process avoids the need for single-photon detectors and
strongly reduces the measurement time. This is particularly suitable
for characterising states generated by integrated resonators, where the
very narrow linewidth requires resolutions of picometres or less and
low loss filters are generally not available. Finally, by exploiting the
known statistics of the separate signal and idler beams, one can avoid
the need for filtering the signal and idler fields, useful for very narrow
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Figure 3 Examples of normalised joint spectral density for frequency-uncorrelated (a) or frequency-correlated (b) signal and idler photons. The axes represent
the frequency shift with respect to degeneracy (ωd =ωp/2 and ωd=ωp for SPDC and SFWM, respectively) for signal (x-axis) and idler (y-axis) photons.
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Figure 2 (a) Characterisation of a single-photon state. The beam is divided by a beam splitter, and the coincidences between the output ports are recorded
as a function of the relative delay τ. (b) Expected second-order coherence function for a single-photon state. At zero delay, we have a dip reaching zero. Note
that the shape and width of the function are arbitrary and in general depend on the particular process considered for generating the single photons.
(c) Characterisation of a heralded single-photon source. In this case, the coincidences between the output ports of the beam splitter are measured if and only
if the detector on the heralding arm fires.
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